DIVERGENT SERIES AND CONTINUED FRACTIONS.   119
is fulfilled, the point x = 1 must be an essential singularity, and the function represented by 2P(n)xn is consequently one-valued.* Conversely, if /(a?) is a one-valued function which has only one singular point, and if that point is an essential singularity, f(w) can be expressed in the form £.P(/i):cn, in which P(u) is an entire function satisfying (17). More generally, if there are I essential singularities xv •••}'xl and no other singular points in the finite plane, the coefficient of xn must be
I            in which JP^ri), • • •, JPfo) are entire functions of the nature above
I            specified and in which lim \/o>'n = 0.    This converse has an espe-
I            cial interest because as yet few theorems have been discovered
\            giving the necessary form of the coefficients of a power series for
jj            an analytic function with prescribed functional properties.
I                Other theorems concerning lLP(ri)xn have recently been derived
without requiring that P(ri) shall be holomorphic over the entire
plane.
j                As a sample of these I shall cite in conclusion the following
(            theorem of Linddof: f
*                If P(n) represents a function fulfilling the following conditions :
>                1. P(z)  is  analytic  for  every point of the  complex   plane
[            z = r + it for which  r = 0  (except possibly  at the origin, for
which P(z) has a determinate value).
2. A number e being arbitrarily given, it is possible to find
another number R such that by putting z = re1* we will have for
r> R
*Le Roy three years earlier had noted this conclusion when P(x) is an entire function whose "apparent order" is less than 1; loc. cit, p. 348, footnote. Faber does not seem to be aware of Le Roy's statement. The difference between the two statements is slight but becomes important in formulating the new and interesting converse which Faber adds.
fl/oc. cit., §13.)xn is then a one-valued function.
